ON β-EXPANSIONS OF UNITY FOR RATIONAL AND TRANSCENDENTAL NUMBERS β
Artūras Dubickas x j β −j for rational and transcendental numbers β > 1. In particular, we obtain an upper bound for two strings of consecutive zeros in the β-expansion of unity for rational β. For transcendental numbers β which are badly approximable by algebraic numbers of every large degree and bounded height, we obtain an upper bound for the Diophantine exponent of the sequence X = (x j ) ∞ j=1 in terms of β.
Introduction
Given a real number β > 1, the β-transformation T β is defined on [0, 1] by T β : x → βx (mod 1). For every integer j 1 we define iteratively T denotes the integral part of a number and {·} denotes the fractional part of a number.) Clearly, the 'digits' x k of α all lie in the set {0, 1, . . . , [β] }. This representation of a number in a non-integer base β was introduced by Rényi in [11] and then studied by Parry [10] . The investigation of an important link between β-expansions and symbolic dynamics started with the papers of Bertrand-Mathis [2] , [3] and Blanchard [4] .
The Rényi expansion of a number in base β is obtained by the 'greedy algorithm', i.e., each digit x k is a unique non-negative integer satisfying
Equivalently,
In this note, we address the problem of distribution of digits
The importance of the Rényi β-expansion of unity is explained in [10] (see also [13] and [1] ). The complexity of the corresponding sequence X = (x j ) ∞ j=1 for some particular algebraic values of β have been studied by Frougny, Masáková and Pelantová in [7] and [8] . In particular, we are interested in the gaps between non-zero digits of this expansion, the number of non-zero digits, etc. Naturally, as in the case of an integer base, one cannot expect to obtain some strong results in this direction, since even simplest questions are out of reach.
Suppose that the expansion of unity in base β contains infinitely many zeros and infinitely many non-zeros, namely, x k = 0 for infinitely many k ∈ N and x j = 0 for infinitely many j ∈ N. Following [13] , we shall call such a β-expansion gappy. Then there exist two sequences of positive integers b 1 < b 2 < b 3 < . . . and e 1 < e 2 < e 3 < . . . e n (β) < ∞ if β > 1 is an algebraic number. Recently, Verger-Gaugry [13] showed that if the expansion of unity in algebraic base β > 1 is gappy then lim sup
where
The main ingredient in the proof of (2) is a Liouville-type argument [13] . A far reaching generalization of (2) with the same upper bound log M (β)/ log β for a so-called Diophantine exponent of the sequence (x k ) ∞ k=1 was obtained by Adamczewski and Bugeaud in [1] . Both in [1] and in the subsequent paper of Bugeaud [5] the main ingredient is the Subspace Theorem.
In the next section, using the theorem of Ridout [12] we shall prove the bound lim sup
for rational numbers β = p/q satisfying 1 < β < 2 (Thm. 4). Evidently, (3) is at least as strong as (2), because b n (β) e n (β) and e n+2 (β) e n+1 (β) b n+1 (β). Since, by Lemma 1 below, lim
inequality of Verger-Gaugry (2) applied to the quotient
which is weaker than (3).
In Section 3, we shall give an estimate for the Diophantine exponent of the sequence (x k ) ∞ k=1 for most transcendental numbers β (Thm. 5). Furthermore, we shall estimate the number of nonzero digits x k (among x 1 , . . . , x N ) of the Rényi expansion of unity in a transcendental base β for most β as #{k :
Expansion of unity in a rational base β
Ä ÑÑ 1º Let β be a real number satisfying 1 < β < 2. Then there is a positive
Suppose that b n = k + 1 and e n = k + for some k 0 and 1. Then x k+1 = · · · = x k+ = 1. Using (1) with α = 1, we obtain
Since y k 1, this yields β
for the difference e n − b n for each n 1.
Ä ÑÑ 2º Let p/q be a rational number (with relatively prime integers p, q)
Then the Rényi p/q-expansion of unity is gappy.
1} and
This equality is impossible, because its right hand side is divisible by p whereas its left hand side is not. The assertion of the lemma now follows from Lemma 1. P r o o f. By the theorem of Ridout [12] , for every positive ε there are only finitely many positive rational numbers P/Q, with P and Q of the form
Ä ÑÑ 3º
Since b b 0 , this implies that the inequality |p n a − q m b| > p n e −εm holds for m M provided that ε is so small and M is so large that
Ì ÓÖ Ñ 4º Let p > q > 1 be two relatively prime integers satisfying 1 < p/q < 2, and let b n log p log(p/q) .
P r o o f. The first assertion of the theorem follows from Lemma 2. To prove the second claim we select, in (1), α = 1, β = p/q and k = e n+1 . Then
Multiplying by q e n+1 , we obtain
(4) By Lemma 1, the difference e n+1 − b n+1 is bounded from above by a constant c independent of n. Hence, by Lemma 3 applied to (4), for each fixed positive ε and each n > n(ε) we have y e n+1 q e n+1 > p e n+1 −e n e −εb n+1 .
From (1) and x e n+1 +1 = · · · = x b n+2 −1 = 0 it follows that
Since y b n+2 −1 < 1 and e n − b n c, this yields
for each sufficiently large n. Hence
This this proves the inequality lim sup Hence Theorem 4 implies (3). such that (i) for any n 1 the word
Expansion of unity in a transcendental base β
Then the Diophantine exponent of X, Dio(X), is defined as the supremum of the real numbers for which X = (x k ) ∞ k=1 satisfies Condition ( * ) . In [1] it was shown that if α ∈ [0, 1] and β > 1 are algebraic numbers and the Rényi β-expansion of α is given by
is eventually periodic (and so Dio(X) = ∞) or
It was observed in [1] that (5) implies (2), by choosing
Given a complex number β and two positive integers H, n, let
where the maximum is taken over every monic polynomial P (z) ∈ Z[z] of degree n and height H satisfying P (β) = 0. Set
Assuming that D(β, H) < ∞ we prove the following:
Ì ÓÖ Ñ 5º Let β > 1 be a real transcendental number or an algebraic number which is not an algebraic integer. If the Rényi β-expansion of unity is given by
. . x k+t and define, by periodicity, a k+j = x k+ for every integer j 1 and every ∈ {1, . . . , t}. We shall estimate the difference between
and 
On the other hand, by (8) and (9),
is a monic polynomial in β of degree t + k with integer coefficients of moduli at most [β] + 1. Furthermore, (β t − 1)(y k − Y k ) is non-zero, because β > 1 is not an algebraic integer. Using (6) and (10), we obtain
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It follows that log(1 − 1/β) + (s − t) log β < (t + k) log d t+k (β, [β] + 1). Adding (t + k) log β to both sides, we deduce that
Dividing by (t + k) log β yields
is unbounded whereas the right hand side is bounded from above by a positive constant. Hence
by (7), as claimed.
Note that if β > 1 is an algebraic number with the leading coefficient of its minimal polynomial b and the conjugates
So, by (6) and (7), on the right hand side of (11)) is called the transcendence measure of β. The situation with s = 1 is covered by Theorem 5. Unfortunately, for most explicit transcendental numbers β, like
where α and γ are algebraic numbers, the transcendence measure is known to be of the form e 
Take m such that e m N < e m+1 . Put
Setting in (1) α = 1 and k = e n we obtain
This expression is an integer polynomial in β of degree e n and height [β], so log y e n > −e s n g(β) with some positive number g(β). On the other hand, y b n+1 −1 = β b n+1 −e n −1 y e n < 1, so log y e n < −(b n+1 − e n − 1) log β. Thus b n+1 − e n − 1 < e s n g 1 (β) with some positive number g 1 (β). Below, we shall write u v if u, v > 0 and the quotient u/v does not exceed a constant depending only on β (and s). With this notation, we have
for every n 1.
Note that b j+1 = E j + F j + b j , so, by (13), we have
On applying the bound 
Clearly, 1 < β < 2. By [6, Corollary 5] , the number β is transcendental. Also, it is easy to see that the β-expansion of unity is given by (15). The number of non-zero elements among x 1 , . . . , x N is equal to n, where n is chosen so that b n N < b n+1 . So
for N b 2 , as claimed.
